Question 1: False Positives and False Negatives
For this problem, take a look at page 6 of the statistics review for reference.  

You have isolated 10 proteins. For each of those proteins you compute a score that the protein is extracellular (transmembrane). Based upon your experience, you use a threshold to help you classify which proteins are transmembrane or not. Specifically, your decision rule is : if the score is greater than 0, you classify the protein as extracellular; if the score is less than 0, you classify the protein as intracellular.
Assume that true distribution of scores for extracellular proteins follows a normal distribution with a mean score of 2, and a std. deviation of 1.

a) Based on the classification rule, threshold of 0, what is the probability that a predicted protein classified as intracellular is really extracellular? 

P(score<0) ( (score - mean) / sd = Z ( (0-2 / 1) = -2 = Z

P(score<0) = P(Z<-2) = 0.0228 (~2.28 %)

b) What is the probability that a predicted protein classified as extracellular is really extracellular? 

P(score>0) ( (score - mean) / sd = Z ( (0-2 / 1) = -2 = Z

P(score>0) = P(Z>-2) = 1 - 0.0228 = 0.9772 (~97.72 %)
c) What if the threshold were set at 1 instead?

P(score<1) ( (score - mean) / sd = Z ( (1-2 / 1) = -1 = Z

P(score<1) = P(Z<-1) = 0.1587 (~15.87 %)

P(score>1) ( (score - mean) / sd = Z ( (1-2 / 1) = -1 = Z

P(score>1) = P(Z>-1) = 1 - 0.1587 = 0.8413 (~84.13 %)
d) What if the threshold were set at -1 instead?

P(score<-1) ( (score - mean) / sd = Z ( (-1-2 / 1) = -3 = Z

P(score<-1) = P(Z<-3) = 0.0013 (~ 0.13 %)

P(score>-1) ( (score - mean) / sd = Z ( (-1-2 / 1) = -3 = Z

P(score>-1) = P(Z>-3) = 0.9987 (~99.87 %)
Now assume, the mean (extracellular distribution) is still 2, but the std. deviation is actually 2? 

e) Based on the classification rule, threshold of 0, what is the probability that a predicted protein classified as intracellular is really extracellular? 

P(score<0) ( (0-2 / 2) = -1 = Z

P(score<0) = P(Z<-1) = 0.1587 (~15.87 %)

f) What is the probability that a predicted protein classified as extracellular is really extracellular? 

P(score>0) ( (0-2 / 2) = -1 = Z

P(score>0) = P(Z>-1) =  0.8413 (~84.13 %)
g) What if the threshold were set at 1 instead?

P(score<1) ( (1-2 / 2) = -0.5 = Z

P(score<1) = P(Z<-0.5) = 0.3085 (~30.85 %)

P(score>1) ( (1-2 / 2) = -0.5 = Z

P(score>1) = P(Z>-0.5) = 0.6915 (~69.15 %)
h) What if the threshold were set at -1 instead?

P(score<1-1) ( (-1-2 / 2) = -1.5 = Z

P(score<-1) = P(Z<-1.5) = 0.0668 (~30.85 %)

P(score>-1) ( (-1-2 / 2) = -1.5 = Z

P(score>-1) = P(Z>-1.5) = 0.9332 (~69.15 %)

Using the N(mean = 2,std dev = 1) distribution noted above, for each of the scores below, compute the probability of it being extracellular.

Scores:

	Protein
	Score
	Classification
	P(Extracellular)
	P(Intracellular)

	1
	3
	Extracellular
	0.8413
	0.0228

	2
	5.2
	Extracellular
	0.9993
	0.0010

	3
	-5.4
	Intracellular
	~0
	0.9861

	4
	1.9
	Extracellular
	0.4602
	0.0735

	5
	-0.3
	Intracellular
	0.0107
	0.3632

	6
	-0.1
	Intracellular
	0.0179
	0.3264

	7
	-1
	Intracellular
	0.0013
	0.5000

	8
	1.1
	Extracellular
	0.1841
	0.1469

	9
	-0.01
	Intracellular
	0.0222
	0.3103

	10
	0.1
	Extracellular
	0.0287*
	0.2912*


Question 2: Discrimination Continued
Continuing with our analysis of the classification of proteins, assume further that the true distribution of scores of intracellular proteins follows a normal distribution with a mean score of -1 and a std. deviation of 2.

a. Of the 10 proteins predicted above, how many classification errors did we make? 

1 Classification Error (for protein 10)

b. What is the False Discovery Rate? 

FDR = FP / (FP + TP) = 1 / (1 + 9) = 1/10 (10%)

c. Based on your new knowledge of the distribution of scores for intracellular proteins use the numeric measures (e.g. FP Rate, etc.) explored last week to describe how good our classifier between the two populations (extracellular and intracellular) is? 

When score = 1, P(extracellular) = P(intracellular) and protein classified as extracellular

When score > 1, P(extracellular) > P(intracellular) and protein classified as extracellular

When  0 < score < 1, P(extracellular) < P(intracellular) and protein classified as extracellular (This is the range where you get classification errors!)

When score <= 0, P(extracellular) < P(intracellular) and protein classified as intracellular

d. Is there a better threshold for us to use that will improve the accuracy or sensitivity of our classification rule?  Show the odds curves that you used to determine your ‘optimal’ decision threshold choice.

As hinted to in the problem, it's a good idea to use an odds ratio test (namely a log odds ratio test) in this particular problem because you have information on the distribution of both protein types. (If you have additional information about the system, why not use it?)
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To minimize your chances of an error, you should shift the threshold value to 1. This is the point where the sum of P(Error) from the extracellular PDF and the intracellular PDF is minimized. As you increase or decrease the threshold value from this point, the P(error) from one PDF will increase at rate that is faster than the rate at which the P(error) from the other PDF decreases. 

Question 3. Amino acids can be characterized by several metrics. A commonly used parameter describing amino acids is the hydropathy index, or a measure of the relative hydrophobicity of the common amino acids. The values associated with this index have been experimentally determined by measuring the free-energy change of moving a given residue from a hydrophobic solvent to an aqueous environment. Charged or polar residues tend to the very exergonic reactions (large negative free energy change), while non polar and aromatic residues tend to very endergonic reactions (large positive free energy change). A summation (grouping) of the hydropathic index is given below:

Hydrophobic residues={Ile, Phe, Val, Leu, Trp, Met, Ala}

Non polar residues={Gly, Cys, Tyr, Pro}

Polar residues={Thr , Ser, His, Glu, Asn, Gln, Asp, Lys, Arg}

Metrics such as these allow us to make inferences about the environment of a given polypeptide. For example, a series of hydrophobic residues may indicate the presence of a transmembrane protein. An alpha-helical peptide of 20 residues is just long enough to span the lipid bilayer, inside of which non-polar, hydrophobic interactions with the surrounding lipids will stabilize the peptide helices which are predominantly hydrophobic (but can withstand a few polar residues within the helix).

We sample a database of known transmembrane proteins and find the following frequencies for the amino acids, in partial agreement with our hydrophobic index:

	Amino Acid
	Num in transmembrane
	Num in non-transmembrane
	 AA Total
	P(AA,TM+)
	P(AA,TM-)
	P(AA)

	G (#1)
	115
	976
	1091
	0.0058
	0.0488
	0.0546

	A (#2)
	174
	834
	1008
	0.0087
	0.0417
	0.0504

	L (#3)
	260
	627
	887
	0.0130
	0.0314
	0.0444

	M (#4)
	130
	941
	1071
	0.0065
	0.0470
	0.0535

	F (#5)
	173
	837
	1010
	0.0087
	0.0418
	0.0505

	W (#6)
	1
	1253
	1254
	0.0000
	0.0627
	0.0627

	K (#7)
	346
	419
	765
	0.0173
	0.0209
	0.0383

	Q (#8)
	1
	1253
	1254
	0.0000
	0.0627
	0.0627

	E (#9)
	74
	1075
	1149
	0.0037
	0.0537
	0.0575

	S (#10)
	43
	1150
	1193
	0.0022
	0.0575
	0.0597

	P (#11)
	1
	1253
	1254
	0.0000
	0.0627
	0.0627

	V (#12)
	515
	13
	527
	0.0257
	0.0006
	0.0264

	I (#13)
	223
	716
	939
	0.0112
	0.0358
	0.0470

	C (#14)
	260
	627
	887
	0.0130
	0.0314
	0.0444

	Y (#15)
	390
	314
	703
	0.0195
	0.0157
	0.0352

	H (#16)
	346
	419
	765
	0.0173
	0.0209
	0.0383

	R (#17)
	208
	753
	961
	0.0104
	0.0376
	0.0480

	N (#18)
	260
	627
	887
	0.0130
	0.0314
	0.0444

	D (#19)
	1
	1253
	1254
	0.0000
	0.0627
	0.0627

	T (#20)
	80
	1061
	1141
	0.0040
	0.0531
	0.0571

	Totals
	3600
	16400
	20000
	0.18
	0.82
	1.00

	
	
	
	
	
	
	

	P(TM+)
	0.18
	
	
	
	
	

	P(TM-)
	0.82
	
	
	
	
	


Which of the amino acids listed above is the better discriminator for transmembrane motifs? The worst discriminator? Justify your answer and show your calculations (hint: use an odds or log-odds ratio).

Best discriminator for transmembrane motifs would be V (#12). Worst discriminator would be K (#7) and H (#16). Note: When using log-odds ratio, values close to 0 are the worst discriminators.
	G (#1)
	0.105407883
	0.894592117
	-0.928751977

	A (#2)
	0.172619048
	0.827380952
	-0.680616802

	L (#3)
	0.293122886
	0.706877114
	-0.382294193

	M (#4)
	0.121381886
	0.878618114
	-0.859646271

	F (#5)
	0.171287129
	0.828712871
	-0.684679355

	W (#6)
	0.000797448
	0.999202552
	-3.097951071

	K (#7)
	0.452287582
	0.547712418
	-0.083137924

	Q (#8)
	0.000797448
	0.999202552
	-3.097951071

	E (#9)
	0.064403829
	0.935596171
	-1.162176745

	S (#10)
	0.036043588
	0.963956412
	-1.427229385

	P (#11)
	0.000797448
	0.999202552
	-3.097951071

	V (#12)
	0.977229602
	0.024667932
	1.597863877

	I (#13)
	0.237486688
	0.762513312
	-0.506608159

	C (#14)
	0.293122886
	0.706877114
	-0.382294193

	Y (#15)
	0.554765292
	0.446657183
	0.094134959

	H (#16)
	0.452287582
	0.547712418
	-0.083137924

	R (#17)
	0.216441207
	0.783558793
	-0.558731641

	N (#18)
	0.293122886
	0.706877114
	-0.382294193

	D (#19)
	0.000797448
	0.999202552
	-3.097951071

	T (#20)
	0.070113935
	0.929886065
	-1.122625397

	Amino Acid
	P(TM+ | AA)
	P(TM- | AA)
	log ( P(TM+ | AA) / P(TM- | AA) )
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Given the following protein sequence, identify the regions that are likely transmembrane motifs using a sliding window of 5AA (e.g. compute all of the various probabilities P(TM+ |GMASA). Assume that each amino acid position is independent of every other position so that:

P(TM+ | GMASA) = P(TM+ |G) * P(TM+ |M) * P(TM+ |A) * P(TM+ |S) * P(TM+ |A). 

You may use any computational tool (such as C++, perl, or Excel) that you are comfortable with, but you may not use any existing transmembrane finding tool.  Note that p(TM+) is .18.  Show your work.  A plot of your probabilities as a function of the sequence position would be good to show.

	PDPGMSGWPDGRMETSTPTIMDIVVIAG


	Sequence
	P( TM+ | Sequence)
	Log( P( TM+ | Sequence) )

	1   PDPGM
	6.48835E-12
	-11.18786564

	2   DPGMS
	2.93265E-10
	-9.53274009

	3   PGMSG
	3.87642E-08
	-7.411569464

	4   GMSGW
	3.87642E-08
	-7.411569464

	5   MSGWP 
	2.93265E-10
	-9.53274009

	6   SGWPD
	1.92668E-12
	-11.71519151

	7   GWPDG
	5.63448E-12
	-11.24914643

	8   WPDGR
	1.15697E-11
	-10.93667957

	9   PDGRM
	1.76105E-09
	-8.754228154

	10 DGRME
	1.42227E-07
	-6.847018927

	11 GRMET
	1.2505E-05
	-4.902917048

	12 RMETS
	4.276E-06
	-5.368962126

	13 METST
	1.38517E-06
	-5.85849773

	14 ETSTP
	9.1002E-09
	-8.040949148

	15 TSTPT
	9.90703E-09
	-8.004056497

	16 STPTI
	3.35566E-08
	-7.474221569

	17 TPTIM
	1.13007E-07
	-6.946895699

	18 PTIMD
	1.28529E-09
	-8.890997578

	19 TIMDI
	3.82771E-07
	-6.417060771

	20 IMDIV
	5.33496E-06
	-5.2728685

	21 MDIVV
	2.19527E-05
	-4.658511157

	22 DIVVI
	4.29511E-05
	-4.367025767

	23 IVVIA
	0.009297378
	-2.031639515

	24 VVIAG
	0.004126618
	-2.384405696
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From chart above, you can see that the most likely transmembrane regions have values close to 0. Depending on our threshold, we can predict a different number of transmembrane regions. For example, if the threshold value for TM+ vs TM- was set at –6, we would find two TM+ domains spanning from sequence #11-#13 and sequence #20-#24.
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		C (#14)		260		627		887		0.013		0.03135		0.04435		C		0.2931228861		0.7068771139		-0.3822941929		0.4146730463		3.5375291551

		Y (#15)		390		314		703		0.0195		0.0157		0.03515		Y		0.5547652916		0.4466571835		0.094134959		1.2420382166		0.7310627044

		H (#16)		346		419		765		0.0173		0.02095		0.03825		H		0.4522875817		0.5477124183		-0.0831379242		0.8257756563		1.3179910005

		R (#17)		208		753		961		0.0104		0.03765		0.04805		R		0.2164412071		0.7835587929		-0.5587316412		0.2762284197		6.2746155021

		N (#18)		260		627		887		0.013		0.03135		0.04435		N		0.2931228861		0.7068771139		-0.3822941929		0.4146730463		3.5375291551

		D (#19)		1		1253		1254		0.00005		0.06265		0.0627		D		0.0007974482		0.9992025518		-3.097951071		0.0007980846		8942.5860052355

		T (#20)		80		1061		1141		0.004		0.05305		0.05705		T		0.0701139351		0.9298860649		-1.1226253969		0.0754005655		36.5595860956

		Amino Acid		Num in transmembrane		Num in non-transmembrane		AA Total		P(AA,TM+)		P(AA,TM-)		P(AA)		Amino Acid		P(TM+ | AA)		P(TM- | AA)		log ( P(TM+ | AA) / P(TM- | AA) )

																				Sequence		P( TM+ | Sequence)		Log( P( TM+ | Sequence) )

																				PDPGM		0		-11.1878656382

																				DPGMS		0.0000000003		-9.5327400898

																				PGMSG		0.0000000388		-7.4115694636

																				GMSGW		0.0000000388		-7.4115694636

																				MSGWP		0.0000000003		-9.5327400898

																				SGWPD		0		-11.7151915078

																				GWPDG		0		-11.24914643

																				WPDGR		0		-10.9366795724

																				PDGRM		0.0000000018		-8.7542281545

																				DGRME		0.0000001422		-6.8470189269

																				GRMET		0.000012505		-4.9029170478

																				RMETS		0.000004276		-5.3689621257

																				METST		0.0000013852		-5.8584977304

																				ETSTP		0.0000000091		-8.0409491484

																				TSTPT		0.0000000099		-8.0040564969

																				STPTI		0.0000000336		-7.4742215687

																				TPTIM		0.000000113		-6.9468956991

																				PTIMD		0.0000000013		-8.8909975782

																				TIMDI		0.0000003828		-6.4170607709

																				IMDIV		0.000005335		-5.2728684996

																				MDIVV		0.0000219527		-4.6585111566

																				DIVVI		0.0000429511		-4.3670257673

																				IVVIA		0.0092973779		-2.0316395146

																				VVIAG		0.0041266183		-2.3844056956
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